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Background

What is implied volatility?

* Implied volatility surface k = log(K/Se™)
n(K,7)=CS,o0k,7),7r,0,K, 1)
= Se "®(d L) —e TKD(d),

volatility smile & volatility skew where d. = (log(S/K) + (r = 8)0)/(6v/7) £ (1/2)0\/ 7
d( -) is a Gaussian CDF

derived from BS model
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Introduction
Why we need the method?

* Black-Scholes — constant volatility

o Stochastic volatility model = hard to do the calibration
 Neural network — arbitrage opportunity & shallow network
* Contribution: Prior model + NN model

—free of arbitrage + generalization + deep network

Dugas Charles, Bengio Yoshua, Bélisle Francois, Nadeau Claude, Garcia René. Incorporating second-order functional knowledge for better option pricing // Advances

in Neural Information Processing Systems. 2001. 472-478.
Marquez-Neila Pablo, Salzmann Mathieu, Fua Pascal. Imposing hard constraints on deep networks: Promises and limitations // Unpublished manuscript. 2017.



Conditions of free of arbitrage call option

Roper Michael. Arbitrage free implied volatility surfaces // Unpublished manuscript. 2010.
w(k, 1) = 6°(k, 7)1

C1)(positivity) forevery ke Rand = > 0, w(k,7) > 0
C2)(Value at maturity) for every k € R, w(k,0) =0
C3)(Smoothness) for every 7 > 0, w( -, 7) is twice differentiable
C4)(Monotonicity in 7) to prevent calendar arbitrage, total variance w(k, - ) should be non-decreasing
along the time axis for any given forward-moneyness level (for every k € R), [ (k,7) = d.w(k,7) > 0
C5)(Durrleman's Condition)for every © > 0 and k € R,
o) = (1 koo (k, 7) )2 ok, 7) < 1] ) : 0%.w(k, 7) -
20(k, 7) 4 w(k,7) 4 2
C6)(Large moneyness behavior) for every = > 0, 6%(k, 7) is linear for k - +

profit | profit
/ long = #H call max (S — K;,0) — max(S; — K,,0)
v’ —C(K)) + C(K)

Sr, C(T,, K) — max{S; — K,0} =20

short 45 call ~ C(T)) — C(T5) SIS T IS = O

C(Ky) — C(K3)

C(T)) — C(T,) + C(T,,K) — maX{ST1 — K,0}



Methodology

Model

ook, ) = \/we(k,T)/T
correctlon
wo(k, 7) = wnn(k, 75 01) Xwprior (K, 75 02), where the parameter 0 = {6,,0,}

where w,i, is extracted from the market data by collecting the total variance o’T values
corresponding to the contract closest to k = 0 for each maturity 7

p.s. o here is historical volatility (hence it’s the ”theoretical” option price)
gi(Wix +b;)) i<n+1

a(l + tanh (W, .12 + b,1)) i=n+1

where 6’1 = {Wi, by, Wy, by,...,a},g;is the activation function, « is the scaling parameter
letting wy, take values in (0, 2«

tanh(z)
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C1)(positivity) forevery k e Rand = > 0, w(k,7) > 0
C2)(Value at maturity) for every k € R, w(k,0) =0
C3)(Smoothness) for every © > 0, w( -, 7) is twice differentiable
M eth Od o I O C4)(Monotonicity in 7) to prevent calendar arbitrage, total variance w(k, - ) should be non-decreasing
gy along the time axis for any given forward-moneyness level (for every k € R), [ (k,7) = 0,w(k,7) > 0
C5)(Durrleman's Condition)for every © > 0 and k € R,

Loss function it = (1M Y dotd (L 1) otk

2wk, 7) 4 wk,7) 4 2

arbitrage . o

-4 C6)(L beh f 0, o°(k, I fork - +

predlctmn penalty )(Large moneyness benhavior) for every ¢ > 0, o°(k, 7) IS linear for 00
error 6

L(6) = Lo(6) + Y A;Lc;(6)

Les(0) = 1/|1cas) Z max (0, —lyu (Ki, 7i))

Leo(0) = 1/[Ice| Y |0*we(ki, i)/ OkOk
(k.,T‘)i'—:l(f.,
where Ioy; = {(k, r)ike{x®:x € [—(—2kmin)"?, (2kmax) 3|10}, T € T}
Icg = {(ka T) k€ {kains 4kmina4kmam 6kmax}a T E T}
T = {exp(z) : z € [log(1/365), max(log (Tmax + 1))|100}
where ki, = min(IOk) < 0, kpax = max(IOk) > 0, Tmax = max(I ),
\a, b, indicates an equidistant set of x points between a and b




Results
Setting

* Underlying Asset: S&P 500
 Hyper-parameters: 4, = As = A, =4 =10
* Prior model: SSVI

* NN model: 4 layers and 40 neurons per layer

e Synthetic data: from Bates model

e Market data: from market



Data vs Predictions: Total Variance Time to maturity
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Figure 1: Synthetic data and trained model predictions for a specific configuration (scenario 12).



Results

Comparing different configurations
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Figure 2: Losses for different number of layers, neurons per layer, and penalty value.
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C(S,0,7,6,K,7) = Sye "®(d,) — Ke ""®(d_)
In(Sy/K) + ((r — 6) + 0.5 * 6%)1

o\/T

Results
_In(Sy/K) +((r=8)=05%cDr
Market data L= Yy =0V

d(d) is the cumulative probability distribution for a variable
that has a standard normal distribution with mean of zero and standard deviation of one.

o Dataset: Option Metric lvyDB US, S&P500 index option price (European)

where d, =

» Date: 2008/9 ~ 2008/12 ~ 2018/1 ~ 2018/4 (Daily)

o Steps:

bid price + ask price
2

* Pick the mid price

e Calculate risk free rate and dividend rate usmg option around the money (= 7.5%)

—0T _ NS

and put-call parity c¢-r=sem+xe C,— P, = S5 + KB e = pY ™ =Py

= loge " =1log ), = log e %% = log ;?T
= —rt =logf,; = —ot = log fT

o Calculate the moneyness # = losk/see0) = n(k/s) = ¢, = 6,7 =1

= r=—logf/t  =>6=-logp/t

e Calculate the implied volatility using Black-Scholes model and Brent’s method



Results

Backtesting

Table 1: Backtesting results for the SSVI prior (quantiles in %, Jan-Apr 2018 / Sep-Dec 2008)

Interpolation Extrapolation
Train Test Train Test
Loss A qos g50 qas qos gs0 qos qos g50 qas qos gs0 qos
10 04/07 05731 1.3/199 04/09 05/33 14/188 02/03 03/1.1 04/35 22/27 50/63 8.0/12.0
RMSE 1 03/30 04/68 10/139 04/29 05/7.1 1.3/135 02/19 02/44 04/106 37/50 66/106 11.7/205
0O 02/04 03/13 05/740 03/16 05/35 48/108 02/03 02/09 03/33 3.1/55 757116 18.1/26.7
10 05709 0.7/2.1 1.2/174 05/1.1 0.8/24 1.2/185 04/05 06/09 09/2.1 1.2/24 1.7/3.3 2.476.5
MAPE I 05/40 06/82 12/122 05/43 0.7/8.1 1.3/129 03/22 05/63 09/11.0 15/56 23/9.7 3.3/13.1
0O 04/05 06/10 09/18 05/12 0.7/1.9 09732 03/03 05707 08/1.6 1.5/43 22/74 4.8/14.3
10 0.0/00 0.0/00 0.0/0.2 0.0/0.0 0.0/0.0 0.0/05 0.0/00 00700 0.0/0.0 0.0/700 0.0/0.0 0.0/14.1
C4 I 00/00 00700 02701 0.0/00 0.0/0.0 02/0.1 00/00 00700 0.0/0.1 0.0/00 00/00 0.1/0.1
0 16/15 180/98 994+/99+ 16/12 40.7/12.1 99+/99+ 03/1.1 24/37 442/837 04/10 28/43 46.7/304
10 00/00 00700 0.0/0.1 0.0/0.0 0.0/0.0 0.0/0.1 00/00 00700 0.0/0.0 0.0/00 00/00 0.0/1.2
Cs I 0.0/00 0.0/00 0.1/0.0 0.070.0 0.0/0.0 05700 0.0/00 00700 0.0/0.0 0.0/00 0.0/0.0 0.5/0.0
0 26/994+ 72.1/99+ 994/99+ 2.6/99+ 63.8/99+ 994+/99+ 28/99+ 242/99+ 99+/99+ 1.7/99+ 19.0/99+ 99+/99+
10 0.0/00 0.0/00 0.0/0.2 0.0/0.0 0.0/0.0 00/06 0.0/00 00700 0.0/0.0 0.0/00 0.0/0.0 0.0/44.3
c6 I 00700 00700 0.0/0.0 0.070.0 0.0/0.0 06/00 0.0/00 00700 0.0/0.1 0.0/00 00/00 0.0/0.0
0 08/00 482/17 994/99+ 08/00 784/04 994+/99+ 03/0.1 120/75 99+/99+ 00/00 24/00  99+/99+




Prior = SSVI, Lambda = 10 Coet e

Data vs Predictions: Total Variance
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Figure 3: Market data and trained model predictions for a specific configuration (scenario 12).



Conclusion

» Construct the implied volatility surface based on standard volatility model.

* Design an economically sensible model by penalizing the arbitrage free
opportunity.

* Use the deep neural network framework successfully.



